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Introduction 

Lie conformal superalgebras encode the singular part of the operator product 
expansion of chiral fields in two-dimensional quantum field theory |K1| . On the 
other hand, they are closely connected to the notion of a formal distribution Lie 
superalgebra (g, i.e. a Lie superalgebra g spanned by the coefficients of a family 
T of mutually local formal distributions. Namely, to a Lie conformal superalgebra 
R one can associate a formal distribution Lie superalgebra (Lie i?, R) which estab- 
lishes an equivalence between the category of Lie conformal superalgebras and the 
category of equivalence classes of formal distribution Lie superalgebras obtained as 
quotients of Liei? by irregular ideals Kl . 

The classification of finite simple Lie conformal superalgebras was completed in 
|FK| . The proof relics on the methods developed in |DK| for the classification of 
finite simple and semisimple Lie conformal algebras, and the classification of simple 
linearly compact Lie superalgebras K4j. 

The main result of the present paper is the classification of finite semisimple 
Lie conformal superalgebras (Theorem 15.1(1 . Unlike in DK , we do not use the 
connection to formal distribution algebras in the proof of this theorem (which would 
require us to take care of numerous technical difficulties). We work instead entirely 
in the category of Lie conformal superalgebras. Our key result is the determination 
of finite differentiably simple Lie conformal superalgebras fTheorem l2.1(l . The proof 
of this result uses heavily the ideas of jBj and [HI ■ 

Given a finite Lie conformal superalgebra R, denote by Rad R the sum of all sol- 
vable ideals of R. Since the rank of a finite solvable Lie conformal (super)algebra is 
greater than the rank of its derived subalgebra |DK| . we conclude that Radi? is the 
maximal solvable ideal, hence R/ Radi? is a finite semisimple Lie conformal super- 
algebra. Thus in some sense the study of general finite Lie conformal superalgebras 
reduces to that of semisimple and solvable superalgebras. 

In the Lie conformal algebra case there is a conformal analog of Lie's theorem, 
stating that any non-trivial finite irreducible module over a finite solvable Lie con- 
formal algebra is free of rank 1 |DK| . However, a similar result in the "super" 
case is certainly false. We hope that we can develop a theory of finite irreducible 
modules over solvable Lie conformal superalgebras similar to that in the Lie super- 
algebra case |K2| . We make several observations to that end in the last section of 
this paper. 

The paper is organized as follows: we define the main objects of our study and 
provide some general statements in Section^ In Scction|21we establish the structure 
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of difFerentiably simple Lie conformal superalgebras. Our proof is, in fact, quite 
general and the result is valid for non-Lie finite conformal superalgebras as well. 
We list finite simple Lie conformal superalgebras in Section |21 and describe their 
conformal derivations. Then in Section 0] we describe conformal derivations in the 
differentiably simple case and thus complete the classification of finite differentiably 
simple Lie conformal superalgebras. This allows us to describe the structure of finite 
semisimple Lie conformal superalgebras in Sectional In SectionElwe classify simple 
physical Virasoro pairs and, as a consequence, obtain a classification of physical 
Lie conformal superalgebras which generalizes that of K2 . Finally, in Section[7|we 
initiate the study of representations of finite solvable Lie conformal superalgebras. 

1. Basic definitions and structures 

1.1. Formal distributions and conformal algebras. Let g be a Lie superal- 
gebra. A g-valued formal distribution in one indeterminate z is a formal power 
series 

a{z) = ^ a„z"""\ a„ £ Q. 

The vector superspace of all formal distributions, 2[[z, z~'^]], has a natural struc- 
ture of a C[92]-module. We define 

Res2 a{z) = ao- 

Let g be a Lie superalgebra, and let a{z),b{z) be two g-valued formal distribu- 
tions. They are called local if 

{z~w)^[a{z),b{w)]=0 for iV > 0. 

Let g be a Lie superalgebra, and let J- he a family of g-valued mutually local 
formal distributions. The pair (g, J-) is called a formal distribution Lie superalgebra 
if g is spanned by the coefficients of all formal distributions from J-. 

The bracket of two local formal distributions is given by the formula 

[a{z),b{w)] = Y^[a{w)(^^)b{w)]diS{z - w)/j\, 

3 

where \a(w){^j-)b(w)\ — ReSz(z — wY \a,(z")^ ^(w^)]. Thus wc get a family of operations 
(„), n G Z_|_, on the space of formal distributions: [a(z)(„)6(z)] We define the 
X-bracket on the space of formal distributions as the generating series of these 
operations ,DK. .Kl, : 

The properties of the A-bracket lead to the following basic definition (see |K1I 

my- 

A Lie conformal superalgebra i? is a left Z/2Z- graded C [9] -module endowed with 
a C-linear map, called the X-bracket, 

R R ^ C[X] R, a(^b^[axb] 

satisfying the following axioms (a, 6, c £ R): 
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(sesquilinearity) [da\b] = —X[axb], [axdb] — {d + X)[a\b], 

(skew-commutativity) [^Aa] = -(-l)P("'P('')[a_A-96], 

(Jacobi identity) [axM ^ [[axb]x+^M + {-ir^^'^''^'^K[axc]]. 

(Here and further p(a) € Z/2Z stands for the parity of an element a.) 

Similarly, one can define an associative conformal superalgebra by replacing the 
skew-commutativity and the Jacobi identity above with the following property: 

(associativity) ax{bf^c) = {axb)x+p,c. 

As a shorthand, we call R finite if R is finitely generated as a C[9]-module. 
Below follow two useful constructions of Lie conformal superalgebras (more con- 
crete examples will be discussed in Section 

Example 1.1. An associative conformal superalgebra can be endowed with a A- 
bracket by putting 

[axb] = axb-{-l)P^-^P^'^b^x^9a. 

Example 1.2. Let i? be a Lie conformal superalgebra and let B be a commu- 
tative associative (ordinary) superalgebra. Then R ® B carries a Lie conformal 
superalgebra structure defined as follows. The C[9]-module structure is given by 
d{r (gi 6) = {dr) ®b {r e R, b £ B), and the A-bracket by 

[(r «) b)x{r' ® b')] = (-l)P('')f('-')[rAr'] ® {bb'). 

Notice that if R is finite and B is finite-dimensional, then R(E> B is also finite. 

1.2. Structural terminology. We will denote by (^a^) (or ([XaF]), whenever 
appropriate) the C[9]-module generated by elements of the form a;(„)?/, where x S 
X,y (zY, and n G Z+. 

An ideal of a Lie conformal superalgebra i? is a C[9]-submodule I oi R such that 
{[Rxl]) C /. An ideal I is abelian if [Ixl] — 0, central if [Rxl] = 0, and nilpotent if 
([. . . ([/ai-^])a2 • ■ -Afc I]) — (in this case we sometimes write 7'"'+^ ~ 0). 

A Lie conformal superalgebra is simple if it is non-abelian and contains no ideals 
except for zero and itself. 

The derived series of a Lie conformal superalgebra is built in the usual fashion: 
let R' = {[RxR]) and set = R, = (i?'"')'. Then a Lie conformal 

superalgebra R is solvable if i?*^"^ = for some n. Rad R is the maximal solvable 
ideal of R (its existence is explained in the introduction) . 

A Lie conformal superalgebra is semisimple if it has no non-zero abelian ideals. 
Since the second last term of the derived series is an abelian ideal, this is equivalent 
to saying that R has no non-zero solvable ideals. Since the C[9]-torsion is central 
|DK| . a finite semisimple Lie conformal superalgebra is free as a C[9]-module. 

1.3. Conformal modules. Let V,W be Z2-graded left C[9]-modules. We denote 
by Endc[9] V the set of all C[9]-linear endomorphisms of V . Notice that Endc[a] V 
has a C[9]-module structure given by 

{dip){v) = dip{v) for any v e V. 

A C-linear map 

if : V ^C[X](»cW 
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is called a conformal linear map if the following equation holds: 

'Pxidv) — (d + X)(p\v for any w e V. 

The C-vector space of all conformal linear maps from V" to is denoted by 
Chom(y,M^). It has C[9]-module structure if we set 

{dip)x{v) = -Xcfixv. 

When V = W, we denote Chom(V, V) by CendF. When V is finite over C[d], 
Cend V becomes an associative conformal superalgebra with the A-product 

{a\b)f_,v ^ ax{bf,^xv), a,5eCendy. 

The space CendF endowed with a A-bracket (see R.emark ll.l|l is denoted gcT^. 

A module M over a Lie conformal superalgebra i? is a Z2-graded left C[9]-module 
M endowed with a C-linear map 

R^gcM. 

Alternatively, one can define a module over R by providing a map i? — > C[A] (8) 
Endc M, ai~> a*^ such that 

ida)fm = [d, af ]m = -Aaf m, 

An i?-module M is simple if it has no nontrivial i?-invariant C[9]-submodules. 
An endomorphism of an i?- module M is a C[9]-linear map 4> G Endc[a] M such 
that for any a £ R and v £ M we have 

<l>{a^v) - (-l)P('^)PW)a^0(«). 

1.4. Derivations. A conformal derivation of a Lie conformal superalgebra i? is a 
conformal endomorphism <f> oi R such that for any homogeneous x,y G R 

<l>xM = [(0Ax)A+;.y] + (-l)^'(^)^'(^)[:r^(.^Ay)]. 

We denote by Cderi? (resp. Cinder i?) the space of all conformal derivations of 
R (resp. of all inner conformal derivations, i.e. conformal derivations of the form 
ad a, a e R, (ada)A6 = [a\b] for b £ R). Clearly Cderi? is a subalgebra of gci?. 

Let D be a set of conformal derivations of R. An ideal / of i? is D-stable if 
4>I Q I for all (f> E D. Here (and below) we use the shorthand (pi for {4>\I). 

A Lie conformal superalgebra is D-difJerentiably simple if it contains no proper 
ZJ-stable ideals. A Lie conformal superalgebra is differentiably simple if it is D- 
differentiably simple with respect to some D. 

We will also work with ordinary derivations of conformal algebras. An ordinary 
derivation of a Lie conformal superalgebra i? is a C[5]-linear endomorphism d of R 
such that for any homogeneous x,y E R, 

d{[x,y]) = [d{x),y] + (-l)P(-)P('')[a;^d(y)]. 

We denote the space of all ordinary derivations of R by Deri?. Remark that a 
conformal derivation (jj gives rise to an ordinary derivation (/)(o) . In particular, 
every element a G i? gives rise to an ordinary derivation ada(o). We call such 
derivations inner and denote their space as Inder R. 

Remark 1.3. The operator d always acts as an ordinary derivation of a conformal 
algebra. In some cases it is inner (e.g. when the algebra possesses a Virasoro 
element, see Example 13. 2|l . 
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1.5. Minimal ideals. Here we collect some facts about minimal ideals of finite Lie 
conformal superalgebras. 

Lemma 1.4. Let R be a finite Lie conformal superalgebra and J an ideal of R 
which contains no nonzero central elements. Then J contains a minimal ideal of 
R. 

Proof. Let / be a minimal rank ideal of R contained in J. Let Lq = Hi I'Ci be the 
intersection of all non-zero ideals of R contained in /. Any ideal Ki has the same 
rank as /, hence L / Ki is a torsion C[9]-module and by JDK! Proposition 3.2], R 
acts trivially on it. This means that for any i we have {[RxL]) C Ki. Therefore 
{[R\L]) C /q. Note that {[Rxl]) ^ because otherwise / would be a central ideal 
of R. Hence /o ^ and clearly /q is a minimal ideal of R. □ 

Lemma 1.5. Let M be a nonabelian ideal in a finite Lie conformal superalgebra 
R. Then 

(1) M is a minimal ideal if and only if M is a,d R-simple. 

(2) If M is a minimal ideal, then it is differentiably simple. 

(3) If M is a minimal ideal, then it is Cder R-invariant and Cder R-simple. 

(4) // M is a minimal ideal, then either M is simple or M contains a minimal 
ideal I of M which is abelian. 

Proof. (1) is immediate. (2) follows from (1) and the fact that adi? C CderM. As 
for (3), we remark that the minimality of M implies that {[MxM]) = M , hence 
(0a(M)) C {[{(j)^M)xM]) C M for any e Cderi?, i.e. M is a Cder i?-invariant 
ideal of R. Now, let J be a nonzero Cder i?-invariant ideal of R, which is contained 
in M . The minimality of M implies that J = M . In order to prove (4), notice that 
by (2) M is differentiably simple. Suppose M is not simple. The center of M is a 
differential ideal of M, hence it is zero and Lemma ll .41 provides a minimal ideal / 
in M. Suppose that / is not abelian. Then {[Ixl]) — I and / is a Cder M-invariant 
ideal in M which is differentiably simple. Hence / = M i.e. A/ is a minimal 
ideal in itself. We conclude that M is simple. The contradiction proves that / is 
abelian. □ 

Note that by Lemma I1.5r 3). any minimal ideal in a differentiably simple but 
non-simple finite Lie conformal superalgebra is abelian. 

2. Differentiably simple conformal superalgebras 

In this section we prove the following 

Theorem 2.1. Let R be a finite non-abelian differentiably simple Lie conformal 
superalgebra. Then R c:i S ® A(n) for a simple Lie conformal superalgebra S . 

Remark 2.2. Our proof also works for any finite non-abelian differentiably simple 
conformal superalgebra (i.e. the one for which only sesquilinearity holds) but we 
do not require the result in this generality. 

2.1. Centroid. Let i? be a Lie conformal superalgebra and M an i?-module. For 
X € R, let Lx be an element of Cendi? such that {Lx)xy — xxy for any y e M. 

Definition 2.3. The centroid C{M) of a module M over a Lie conformal superal- 
gebra R is the subalgebra of the associative superalgebra Endc M that consists of 
elements (super) commuting with {Lx)(n) for all x € R, n € Z+ and the action of d. 
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Remark 2.4. By definition C{M) is a subalgebra of the associative superalgebra 

Endc[a] M. 

Remark 2.5. We We show in the proof of Lemma f2.6l below that for a G C{R) C 
Endc[a] R, a{xxy) — (ax)\y = {—lY^°'^'P^^\x\ay). These conditions can be taken 
as the definition of the centroid of a conformal superalgebra R. (Note that here R 
is not necessarily Lie.) 

Lemma 2.6. If R~ {[RxR]), then C{R) is (super) commutative. 

Proof. The lemma follows from the equalities a[xAy] = {—l)P''°'''P^^^[x\ay] and 
a[a;Aj/] = [axAj/] for any a G C{R),x,y G R. The first equality follows directly 
from the definition; the second is deduced from the first: 

a[xxy] = - (-l)P(")^'('«)a[2;„A-ax] = -(-1)^ (^^^ [y.^-aaa;] 
=(_l)p(^)i'(y)+p('^)p(y)+(p(°)+p(^))p(!/)[a2;^y] — [axxy]. 

Then for any a,b £ C{R) and any x.y <E R, {ab)[xxy] ~ {—iy''''^P'-^^[ax\by] and 
{ba)[xxy] — (— l)'-^'-"''^^'^''''^''''' [axAfoy], implying that a and b (super)commute. □ 

Since {[R\R]) is a differentiably stable ideal, it follows that C{R) is (super)com- 
mutative for a differentiably simple R. 

Lemma 2.7. For a homogeneous (i.e. even or odd) a £ C{R), kera and ima are 
ideals of R. 

Proof. Clear. □ 

We also have a version of the Schur Lemma: 

Lemma 2.8. Let M he a countable dimensional simple module over a Lie conformal 
superalgebra R. Then either C{M) — CIm or dimil/g = dim Afy and 

C{M) = CIm ® CC/, 

where U is an odd operator such that — 1m. 

Proof. The proof follows the classical line of argument. Let a G C{M) be a non- 
zero even operator. The fact that M is simple implies that a is invertible. Suppose 
a is not a scalar. Since C is algebraically closed, a cannot be an algebraic element 
in C(M). The field of rational functions in a over C is contained in C{M), hence 
C{M) has dimension greater than countable. On the other hand, let us fix a 
nonzero x G M. The map C(M) M sending a to ax is injective because C(M) 
is a division ring. However, M is countable dimensional. The contradiction proves 
that a = cl M for some c G C. 

Let a G C{R) be a non-zero odd operator. Then b is invertible (this can only 
happen if dimMp = dim A/j-)- Furthermore, is an even operator, hence a scalar. 
Suppose ai, 02 are two non-zero odd operators in C(M). Then (ai — 002)^ G CIm 
for any c G C. Assume that for c and c', (oi — 002)^ 7^ and (ai — da^f' 7^ 0. Then 
(oi — ca^f' -I- r^{a\ — c'a^f = for some 7^ r G C. We obtain two non-zero odd 
operators bi and 62 such that b\ + b\ = 0. By taking the square of bib2bi^b2^ one 
easily shows that 6162 = ±6162. Thus either (61+62)^ =0 or {bi+ib2){bi — 162) = 
and it follows that ai is proportional to a2. □ 

Corollary 2.9. If R is a countably dimensional simple Lie conformal superalgebra, 
then C{R) = CIr. 
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Proof. Assume C{R) = CIr © CU, U^^l. Let a^{l + U)/2 and a = (1 - U)/2. 
R splits as aR © aR and it is easy to see that ker a = aR. Using the equahty 
6[a;Ay] = [bxxy], we see immediately that ker a and ima are (non-homogeneous) 
ideals of R. On the other hand, [a^Aoy] = o,[x\y] for x odd, hence aR fl aR ^ {0}, 
a contradiction. □ 

Remark 2.10. Lemma 12.81 and Corollary 12.91 hold for ordinary Lie superalgebras 
(with the same proof). 

2.2. Conformal Derivations and the centroid. Let (j) G Cderi?, 7 G C, and 
n G Z4. . We introduce the following operators acting on End R: ad (jj-y — [cjj-y , •] 
and ad0(„) = [</)(„),•]. 

Lemma 2.11. Let a G C{R), cj) € Cderi?. 

1) For any 7 G C, ad(f)-y{a) G C{R). Moreover, ad0^ is a derivation of C{R). 

2) For any n G Z+, ad (/)(„) (a) G C{R). Moreover, ad </>(„) is a derivation of 
C{R). 

Proof. Direct computation. □ 

Lemma 2.12. If a E C{R) and (f> G CderR, then a(t> G CderR. Also p{a(j>) — 
p{a)+p{(p). 

Proof. Direct computation. □ 

2.3. Constructing a chain of ideals. Let i? be a finite non-abelian differentiably 
simple Lie conformal superalgebra. Remark that the center of R, {x \ [xxR] — 0} 
is a differentiably stable ideal, hence it is zero and by Lemma [l.4l R contains a 
minimal ideal I. Let _D be a set of homogeneous conformal derivations of R. Our 
ultimate goal is to construct with the use of I? a certain finite chain of ideals that 
starts with / (cf. [B]). 

Assume now that we have constructed a chain of ideals I = Ii C I2 C ■ ■ ■ C 
Iq ^ R such that for all 2 < j < q, Ij/Ij^i ~ / as i?- modules. Let G I? be a 
homogeneous conformal derivation such that iplg (f_ Iq. We are going to construct 
an ideal Iq+i D Iq such that /g+i/Iq ~ / as i?- modules. 

Remark, first that for any ideal J, a homogeneous conformal derivation </) induces 
a map (j) £ Chom( J, R/J), (j)\x — (l)\x + 'C[\] ® J. Moreover, by definition, for every 
y G R, the following equalities holds in the i?-module R/J: 

0A(2/^x) = (-l)P(«''(^)(y^(^Ax)); 
d{4)\x) = 4>\{dx) - \4>\x. 

It follows that for any 7 G C, kerc/)^ is a homogeneous ideal of R and imi/)-^ is an 
i?-submodulc of R/ J . 

Suppose now that we have constructed a chain such as above: Ii C ■ • • C Iq ^ R. 
Let j be minimal such that 0/j 5^ Iq. Take J = Iq and consider the map cf) G 
Choin{Iq,R/Iq) constructed as above. Restrict this map to Ij. By construction 
4i{Ij-i) C Iq, so Ij~i C ker0^ for any 7 G C. Thus we have a family of maps 

<^7 ■ R/Iq- 

We will show that there exists 7 such that ker(/)-y is zero. Indeed, if for some 
7 G C there exists x + Ij-i G Ij/Ij-i such that (j)jX = 0, then (j)^{Ij / Ij^i) = (it 
is a simple i?-module by construction). Hence, if there exists such an x + Ij-i for 
every 7, then (j)x{Ij / Ij-i) — and, consequently, (j)Ij C Iq. 
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Hence we can find 7 G C with keTtj)^ = 0. Then we can define Iq+i as an ideal 
such that Iq+i/Iq ~ im^^. 

Remark 2.f3. ff we start constructing a chain of ideals such as above and keep the 
same ((> £ D, we would at some point obtain Iq such that 4>I C Iq. Indeed, pick 
a basis xi, . . . , x„ of / over C[d] and let d be the maximal degree in A of all (j)\Xi. 
At every step of the above construction, we produce an ideal Ik and 7^ g C such 
that 4>-y^Ii 'Z Ik- It is clear that 71, ... ,7^^ are pairwise distinct, thus (pxli C Id as 
required. 

2.4. Constructing the maximal ideal. Now let D be a finite collection of homo- 
geneous conformal derivations, Z? = {0i, . . . , 0m}, such that / is not D-stable. Let 
ii be the least index for which (j)i^I (f. I. We apply the algorithm from the previous 
subsection. Namely, using we can construct a chain of ideals J = /i C • • • C 1^ , 
where (pi-^^I C Ir^- Then use (pi^ (with the minimal 12) such that (f>i2lri 't- Iri to 
extend the chain to Ir^, where 4>i2lri C Ir2, etc. 

Either at some point we obtain Ii — R or we obtain a proper ideal Iq such that 

0m • ■ ■ 4>ll C Iq. 

Suppose now that for every collection D only the second case occurs. Since R 
is differentiably simple, there exists a homogeneous conformal derivation such 
that (piq <f_ Iq and, using 0, we can extend our chain to /g+i. For any x e /, let 
y = 4>m(nrr,)i- ■■(l>i{ni)x) .■■)■ Hcncc u £ Iq and yxh ~ yxilq+i/Iq) = 0. But every 
y £ R can be expressed as a C[9]-linear combination of elements in the above form 
(for some collection D — {(f>i, . . . , (j>m})- Hence, [R\I] — 0, i.e. R has a non-trivial 
center, a contradiction. 

Therefore, there exists a finite chain / = /i C • • • C /; = i? such that for every 
2 < j < ^, Ij/Ij-i ^ I as i?-modules. Denote as N. Then R/N ~ / and N is 
maximal. 

Since Nx{R/N) = 0, {[Nxlj]) C Ij-i for any j. Thus iV' and N is nilpotent. 
Suppose that there exists another maximal ideal N' of R. Then N + N' ~ R 
and R/N' is nilpotent and simple, a contradiction (as R — {[RxR]))- We arrive at 

Proposition 2.14. Let R he a finite non-abelian differentiably simple conformal 
Lie superalgebra and let I be its minimal ideal. Then R possesses a chain of ideals 
I = Ii d I2 C ■ ■ ■ d N G R, where N is a unique maximal ideal of R. Each factor 
Ij/Ij-i is isomorphic to I as R-modules. Moreover, N is nilpotent and R/N /. 

Actually, above we only used that / is finite, this the proof implies the following 
aside corollary. 

Corollary 2.15. If R is a non-abelian differentiably simple Lie conformal super- 
algebra with a finite minimal ideal, then R itself is finite. 

Remark 2.16. Uniqueness of N implies that all minimal ideals of R are i?-isomorphic. 

2.5. Centroid structure. Here we construct an embedding a : C{R/N) C{R). 
For a £ C{R/N), define a (a) as the composition of maps 

R R/N A R/N ^ I ^ R 

(here the isomorphism p : R/N ^ I is the one constructed in the proof of Propo- 
sition EHI) . 

Clearly, a is an embedding; moreover, imo'(a) — I for all a. 
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For an arbitrary i?-isomorphism 9 : R/N ^ I, consider the map /? : R/N 

I R/N. Since f3 commutes with the action of R and d, we see that cr{P) — 0. 
Let / = /i C /2 C . . . C C -R be the chain described in ProDOsition l2.14l 

Lemma 2.17. There exists a family of monomorphisms ffq : C{R/N) C{R), 
1 < 9 < ^, such that for every a G C{R/N) aq{a)R + Iq-i — Iq and aq{a)N C 
Iq-i- Moreover, if : R/N —> Iq/Iq-i is an R-isomorphism, then there exists 
b G C{R/N) such that 6 is induced by (Jq{b). 

Proof. We put ai — a constructed above. Then denote by dq the map that 
we used to construct Iq+i and let Ij be the ideal used in that construction. Put 
(Jq+i = [dq,aj\ (a super-bracket). Modulo Ij-i, <Jj{a)R = Ij for any nonzero a, 
hence modulo Iq, dqaj{a)R = Iq+i- Since aj{a)dqR C Ij c Iq, Oq^iR + Iq = Iq^i 
as required. Similarly, aq^iN C Iq. 

Given : R/N — + Iq+i/Iq, we can extend it to a map R/N Ij/Ij^i that is 
induced by o-j{b) for some b. Thus o-g+i(6) induces 0. □ 

Using the maps aq constructed in the above lemma, we have 

Lemma 2.18. The map a — (Bq^iO'q is an isomorphism C{R/N) ^ C{R). 

I copies 

Also, J — ai{C{R/ N)) is a minimal ideal of C{R). 

Proof. Let a G C{R) and q be minimal such that aR C Iq. Combined with a 
projection R —>■ a induces a map R — > Iq/Iq-i. Its kernel is a maximal 

ideal, i.e. N . Hence a induces an isomorphism R/N ^ Iq/Iq^i. Then there exists 
b G C{R/N) such that (a — aq{b))R C By induction, a is onto. 

Conversely, if cr(®ia,i) — 0, then ai{ai)R C N. Thus a/ — 0. By induction, all 
a, = 0. 

The set J = ai{C{R/N)) = {a\aR C I] is obviously an ideal of C(R). Let 
a', a" G J. Then they induce isomorphisms 0' ,0" : R/N I. Then a' = ba" , 
where 6 G C induces 0'-^0" . □ 

Remark 2.19. We actually obtain a chain of ideals J = Ji C ■ • ■ C J with properties 
similar to that of /i C ■ • • C -R. 

Corollary 2.20. C{R) is finite-dimensional. 

Proof. Follows from Lemmas 12.81 and 12.181 □ 

Denote by D the subset of Der C(i?) that consists of derivations ad0^, (j) G 
Cderi?, 7 G C. 

Lemma 2.21. C{R) is D-differentiably simple. 

Proof Let H he a i:»-stable ideal of C{R). Then (j).yHR C HR for any cj) G Cder R, 
7 G C. Hence, (l}{HR) C HR and HR = R. There exists h e H such that 
HR + N ^ R {as N is maximal). Thus ^ Jih <Z H n Ji, i.e. Ji C H. The 
construction of maps aq and a in Lemmas Eim and EUHl implies that C C i/. □ 

Corollary 2.22. Let D' = {ad0(„)}. Then C{R) is D' -differentiably simple. 

Proof. A D'-stable ideal of C{R) is ZJ-stable by the definition oi (j)^. □ 
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Since C{R) is differentiably simple and finite-dimensional, we obtain from [2] 
the following 

Proposition 2.23. Let C{R) be the centroid of a finite non-abelian differentiably 
simple conformal Lie superalgebra. Then C{R) is a Grassmann superalgebra A(r). 

2.6. More on differential simplicity. At this point the non-conformal argu- 
ment for a Lie superalgebra proceeds as follows: first, establish that C{L) is add- 
differentiably simple for just one conformal derivation d G Der L (with certain addi- 
tional conditions on d in the super case) and then conclude that L is d-differentiably 
simple. 

In order for this to work for a Lie conformal superalgebra R as well, we need 
conformal analog of d of the form ad (f)^ for some 7. We need to tweak the proof of 
Theorem 5.1 in C . 

We restate the theorem itself first. Let C be a Grassmann algebra over an 
algebraically closed field of characteristic 0. Let C be Z?-differentiably simple with 
respect to a homogeneous set of derivations D which is both a subalgebra and a left 
C-module. Then there exists d £ D such that C is d-differentiably simple and for 
the corresponding chain J — Ji d ■ ■ ■ G C, the map d : Jq ^ C / Jq is homogeneous 
(i.e. dx = deX mod Jq for all x £ Jq, e — 0, 1). 

The reason for the last condition is simple: in order to build a chain of ideals we 
need to use a homogeneous derivation at every step. In this case we say that d is 
homogeneous at every step. 

The major steps of the proof are: find a homogeneous nilpotent m G C = A(r) 
and a derivation di such that di[m) — 1. Then D = Dq ® Cdi, where Dq = 
{d — di{m)di I d G D} (in particular, Dq acts as on m). View C as a (C, Dq)- 
module and use di to construct the appropriate chain of ideals. The minimal ideal 
in this chain is isomorphic to A(ri), ri < r, so we can use do G -Do to refine it into 
the chain of ideals of C. 

It follows from the proof that the requirement of D being an algebra is su- 
perfluous, thus in order to apply the construction of d^ and di to the set D' 
constructed in Corollary 12.221 we have to show that it is a C-module. It suf- 
fices to show that d — ad -I- ad G D' for ni ^ n. Let m < n. Then 

d = (ad</. + (-l)"-'"^9"-'"^)(„). 

In the same vein we can assume that do and di are of the form ad for the 
same n. Hence, we can strengthen the theorem as 

Lemma 2.24. There exist cf) G Cderi? and n such that C{R) — A(r) is ad0(„)- 
dijferentiably simple and ad 0(„) is homogeneous at every step. 

Lemma 2.25. There exist <f> G Cderi? and 7 G C such that C{R) is adcf)^- 
differentiably simple. 

Proof. Let (p and n be as in the previous lemma. Assume that for each 7 G C, there 
exists an ideal Jj that is ad 0-y-stable. Since C{R) ~ A(n) has a unique minimal 
ideal, nJ^ is non-empty. Thus, there exists a proper ideal J that is ad0-y-stable for 
all 7. Hence, ad 0a maps J into J[A] and J is ad -stable. □ 

Clearly, ad 0^ is not necessarily homogeneous at every step. Let D be the C{R)- 
module generated by the homogeneous components of ad(j)j. Notice that since 
ad x-y -|- ad 0-), = ad(x -f V)7j every element of D arises from a conformal derivation 
of i?. 
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Since C{R) is Z?-differentiably simple, we can apply the previous argument to 
obtain 

Lemma 2.26. There exist ■0 and 7 such that C'{R) is a,d tjjy-dijferentiably simple. 
Moreover, Sidip-y is homogeneous at every step. 

Let t/j and 7 be as in Lemma 12.261 We claim that R contains no ^/;-stable 
homogeneous ideals. Indeed, let M be such an ideal. We can always assume that 
/ C M (e.g. let / be a minimal ideal contained in M). Moreover, M C N. Let 
H — {a\aR C M}, a proper homogeneous ideal of C{R). A direct calculation 
shows that H is ad '!/'7-stable, a contradiction. 

Thus R is i/i-stable. 

We need to show that ip^ acts homogeneously at every step, i.e. that the map 
i/j^ : /g — > R/Iq is homogeneous. This will allow us to build the chain {Iq}. It 
suffices to show that one of the homogeneous components of ip-y acts by zero. So, 
let (j) and /3 be such that (/)/3 is homogeneous and ad0^ : Jq — > C/Jq acts by zero. 
(We assume here that we have already built the chain {Jq} and that the chain of 
ideals of R has been constructed up to Iq. We also assume that (pplq^i C Iq.) 
There exist c & Jq and y d R such that cy generates Iq/Iq^i over R. Then 
Tppcy = [7/1/5, c]y±CTpi3y G Iq. It follows that -ippRxcy C /q[A]. Summing up, we have 

Lemma 2.27. Let R he a finite non-abelian differentiably simple Lie conformal 
algebra. Then there exist a conformal derivation -ip and 7 € C such that R is ip-y- 
dijferentiably simple. Moreover, using ipj we can construct a chain of homogeneous 
ideals I = h C ■ ■ ■ C N C R. 

2.7. Splitting R. Let i? be a finite non-abelian differentiably simple Lie conformal 
algebra. Let ip and 7 be as in the Lemma [2.271 Let S = {x \ ip^x e /}. 

Lemma 2.28. R ~ S (B N as C[d]-submodules and S is a conformal subalgebra of 
R. 

Proof. A direct computation shows that S is closed with respect to the 9-action 
and the A-bracket inherited from R. 

Let ^ X e S n N. Then x e Iq\Iq-i for some q. Hence, ipjX ^ Iq, b, 
contradiction, and S* n iV = 0. 

To show that R — S+N, observe that Iq C I+ifj^N for all q. Indeed, by induction 
Iq-i C / + ijj^N and ^'■ylq-i C ^-^N . Hence Iq ~ Iq^i + ijj^Iq^i C / + tp^N . In 
particular R <Z I + ip^N. Thus for every x ^ R, tp^x = tp-^y mod / for some y (z N 
and X — y € S. □ 

Corollary 2.29. S is a finite .simple Lie conformal superalgebra. 

Proof. S ~ R/N as conformal superalgebras. □ 

Let / : — > i? be the natural embedding. Define the map F : A{r) ® S ^ Rhy 
setting 

F(c ®x) = (-l)P(^)P(^)c/(x), c G A(r), xeR 
for homogeneous elements. 

Recall that we have constructed the chain [Jq] of ideals of C{R). In particular, 
Jq — cri{C[S)) + - ■ ■ + aq{C[S)). Denote Cq — (Tq{l) (it is homogeneous by definition 
of fjg). Clearly F{ci ® S) = I. By induction Iq + F{cq (E) S) = Iq+i, hence F is 
surjective. 
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To show injectivity, assume that x is such that F{x) — and x =^ a ® Xi, 
Xq ^ Q. Since f{xq) ^ N and Cq induces an isomorphism between R/N and Iq/Iq-i, 
Cqf{xq) ^ Iq^i- On the other hand, F maps the first q — 1 components into 
Thus Cqf{xq) = 0. Since Cqf is a homogeneous map, we obtain Xq = 0. 

This completes the proof of Theorem 12. II 

3. Simple Lie conformal superalgebras and their derivations 

Here we recall the construction of all simple Lie conformal superalgebras and 
describe their conformal and ordinary derivations. 

3.1. Simple conformal superalgebras. In this subsection we review the main 
resuh of |FKj. 

Example 3.1. Let g be a finite-dimensional Lie superalgebra. The loop algebra 
associated to g is the Lie superalgebra 

Q — Q[t,t^^], p{at^) — p{a) for a G g, k e Z, 

with the bracket 

[a (g) r, 6 ® i™] = [a, b] ® (a, beg; m,ne Z). 

We introduce the family J-g of formal distributions (known as currents) 
a(z) = ^(a(g)i") a G g. 

It is easily verified that 

[a{z), b{w)] = [a, b]{'w)6{z — w), 

hence (g, J^g) is a formal distribution Lie superalgebra. The associated Lie confor- 
mal superalgebra is C[d] g, with the A-bracket (we identify 1 g with g) 

[axb]^[a,b], a, 5 eg. 

It is called the current conformal algebra associated to g, and is denoted Curg. 
The Lie conformal superalgebra Cur g is simple if and only if g is a simple Lie 
superalgebra. 

Example 3.2. We define a conformal linear map L : Curg — > Curg by L\g = 
{d + X)g for any g £ Q. It is immediate to verify that this is a conformal derivation 
of Curg. L generates the conformal algebra C[d]L C gc(Curg) called the Virasoro 
conformal algebra and denoted Vir. The A-bracket is 

[L),L] = {d + 2X)L. 

Thus we have constructed a Lie conformal algebra Vir k Curg. 

Vir can be constructed using formal distributions with coefficients in the Lie 
algebra C[t, t~^]9t, letting 

Liz) = J2iedt)z--\ 

Then, 

[L{z), L{w)] = dwL{w)5{z — w) -\- 2L{w)dwS{z — w). 

An element of a conformal superalgebra satisfying the above equation is called 
a Virasoro element; it is automatically even. 
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In all other examples below we forgo the description of conformal superalgebras 
in terms of formal distributions and simply provide the (conformal) generators and 
relations. A more detailed description can be found in jFK| . 

Example 3.3. Recall that for the Grassmann algebra A(iV) in the anti-commuting 
indeterminates ^i, i = 1, . . . , iV, its Lie superalgebra of derivations is 

W{N) = I^^.S, I e A(iV),a, = . 

The Lie conformal superalgebra Wm is defined as 

Wn = <C[d] ® {W{N) © A(iV)) . 
The A-bracket (a, 6 G W{N);f,ge A{N)) is as follows: 

(3.1) [a^b] = [a, 6], [axf] = a{.f) - A(-l)f (/)/a, [hg] = ~d{fg) - 2Xfg. 

The Lie conformal superalgebra Wn is simple for > and has rank (A^+ 1)2^. 
We also remark that Wq — Vir. 

We shall need the following representation of Wn on C[d] (E> A(A^) (cf. Exam- 
ple E^J: 

(3.2) a^g^aig), fxg = -{d + X)fg, a e WiN);/, g e A{N). 

As a consequence, by identifying (Curg) (Si /\{N) and g (8> C[d] (8) A{N), we also 
get a representation of Wn on Curg A(A^) by conformal derivations. Thus, we 
can construct the semi-direct product Wn x (Curg A{N)). 

Recall that W{N) and A{N) are graded, W{N) = (Sj>_iW{Ny and A{N) = 
©j>o A (A^)-', with deg^i = 1, deg^i = -1. A subalgebra L of W{N) is said to 
act transitively on A(A^) or g A(A^) if under the projection W{N) W{N)^^, L 
maps onto W{N)~^. 

Similarly, a subalgebra L of Wn acts transitively on Cur g0A(A^) if the projection 
of L to C[d] ® W{N)-^ has rank N. 

Example 3.4. For an element D = J^Zi P^i^, Odi + f{d, C) S Wn, we define the 
corresponding notion of divergence: 

N 

dWD = ^(-l)f(^')a,P, -9/6 C[d] A{N). 

i=l 

The following identity holds in C[d] ® A(A^), where Di,L'2 G Wn (cf. (|X^ ): 

(3.3) div[Di^D2] = (Z?i)A(divZ?2) - (-l)P(^^)^'(^^n^2)-A-a(divi^i). 
Therefore we can define the following subalgebra of Wn '■ 

Sn = {D eWN \ divL> = 0} 
The Lie conformal superalgebra Sn is simple for A^ > 2 and has rank N2^ . 

Example 3.5. Let D = J2iLiPii9,09i + f{d,£,) be an element of Wn- Given 
a G C, we define the deformed divergence to be 

divo D — div D + af. 

It still satisfies formula (j3.3|l . hence 

SN,a = {DeWN\ div, D = 0} 

is a subalgebra of Wn, which is simple for A^ > 2 and has rank N2^ . 
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Example 3.6. Another variation on the construction of the conformal superalgebra 
Sn is the following definition {N even): 

SN^{De Wn I div((l + Ci ■ ■ • iN)D) = 0}(= (1 - 6 ■ • ■ ^n)Sn)- 

We thus obtain the Lie conformal superalgebra Sn- It is simple for > 2 and has 
rank A^2^. 

Example 3.7. We can also define the "contact" conformal superalgebra 

Kn ^ C[d] ® A(A^) 
with the A-bracket for A = S^i-^ . . . £^i^ and B — ^j-^ . . . S^j^ defined as 

\AxB] = I ( - - 1 ) d(AB) + i-lV^ > • d,Ad,B I + A ( ^ -2\AB. 



(^(^-l)diAB) + i-irlf2d,Ad.B^ 



Kn embeds into Wn but we will not be using this fact here. 
Note also that Kq ~ Vir and K2 — W\. 

The Lie conformal superalgebra Kn is simple for all N e Z+, N ^ \ and is a 
free C[9]-module of rank 2^. 

Example 3.8. The Lie conformal superalgebra K^ is not simple but its derived 
subalgebra K',^ is. Furthermore, K^ = K\® Ci^, where v = 5i^2C3?4 and, since K'^ 
is an ideal in K^, the map a^dv is an outer conformal derivation of K[. 

Example 3.9. The Lie conformal superalgebra CKg is a simple rank 32 subalgebra 
of Kq, spanned over C[d] by the elements 

where a G C is a fixed number such that = —1 , ly ~ S,i ■ ■ ■ S.e , and (6162 • ■ ■)* = 
d^^di^ ...V. 

The even part of CKq is Vir x Cursog for the Virasoro element —1 + ad^v. For 
the explicit form of the commutation relations of and further details on CKq, see 

EE). 

The main result of |FK| is the following Theorem. 

Theorem 3.10. Any finite simple Lie conformal superalgebra R is isomorphic to 
one of the Lie conformal superalgehras of the following list: 

(1) Wn, {N > 0); 

(2) SN,a (A > 2, a G C); 

(3) Sn {N even, A > 2); 

(4) Kn {N>0, N^A); 

(5) K; 

(6) CKe; 

(7) Curs, where 5 is a simple finite- dimensional Lie superalgebra. 

We shall call the algebras (l)-(6) from the above list the Lie conformal superal- 
gehras of Cartan type. 
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3.2. Conformal derivations of simple Lie conformal superalgebras. We 

are going describe the conformal derivations of simple Lie conformal superalgebras. 
With this in mind, for every finite simple Lie conformal superalgebra R we will fix 
a distinguished reductive Lie subalgebra r of {R, (q)). 

For R = Curs, we choose as r the maximal reductive subalgebra of s (they are 
listed in [^2]). 

For Wn we take as r the copy of gljy spanned by £_idj G W{N). We construct 
other distinguished subalgebras in a similar fashion. For S'-type superalgebras, we 
take the subalgebras sIn of gljy C W{N) and for the K-type, we take r = son 
spanned by ^i^j. For K'^, r = SO4 © Cdf and for CKq, the algebra soe contained in 
Cur 506 . Summing up, we obtain the following list of r's: 

Wn, N>0 : 0[jv 
SN.a, iV > 2, a e C : sIn 



SON 
C504 
S06 



Sn, N>2, N even 
(3.4) - , 

Kn, N>0, 

K 

CKe 

Proposition 3.11. In the following we list all cases in which a finite simple Lie 
conformal superalgebra has outer conformal derivations. 

(1) GdeiK'^ = Cinder if^ © C[5]i/, where i/ = ^1 . . . ^4 G A(4); 

(2) Cder(Curs) = Vir k Cur(Ders), where s is a simple finite- dimensional Lie 
superalgebra. 

Proof. Let i? be a finite simple Lie conformal superalgebra. Then R = C[d] (E) U 
and the distinguished reductive Lie algebra r acts via the 0-th product completely 
reducibly on U. This action commutes with d, hence r acts completely reducibly 
on R. 

Next, Cder i? C gc i? ~ i? (g) i?* as an i?-module, where R* is the conformal dual 



of the i?-module R [BKLI Proposition 6.4(a)]. Therefore gci? and, hence, Cderi? 
are completely reducible as r-modules. 

Thus, Cderi? = Cinder i? © F as r-modules. We will refer to the elements in V 
as outer conformal derivations of R. 

Since [r(o)V'] C R = Cinder i?, we see that r kills V, thus outer conformal 
derivations are r-module homomorphisms. Using this, outer conformal derivations 
of R can be easily computed. 

In the following we provide a detailed computation in the most involved case, 
that of Wn. We restrict our attention to > 2, the remaining cases being straight- 
forward. 

Recall that Wn = C[d] {W{N) © A(iV)) and that Wn is completely reducible 
as a 0ljv"niodule. We have the following description of W (N)'' (B A{N)'' as s[jv(c r)- 
modules. Here R{X) denotes the slAr-module with the the highest weight A and tt^ 
are fundamental weights: 



W{Nf © A(A^)'= = 



'Ri-KN-i), if fc = -1, 

i?(7rfe+i + Trjv-i) © Rink) © R{7rk), if < fc < iV - 2, 
RiiTN-i)® Ri-^N-i), iffc = iV-l, 
,i?(0), iffc = A^. 
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Let (f) Cz V. Then is a g [^-module homomorphism, hence it commutes with the Eu- 
ler operator E = S^idi and therefore leaves each graded component invariant. The 
grading being consistent with parity, (p can only be an even conformal derivation. 
Let Xfe = 6 • • ■ ^kE be the highest weight vector of i?(7rfc) C W{N)'', < k < N~l. 
Let Zk = ^1 ■ ■ ■ ^k+idN be the highest weight vector of R{nk+i + ttn-i) ^ W{N)'', 
Q <k < N - 2. Let (9Ar be the highest weight vector of R{ttn-i) ^ W{N)-'^. Let 
yfc = ■ ■ - 6 be the highest weight vector of i?(7rfc) C A(7V)'', < k < N. The 
action of (p is given by 

(pWN = A{d,X)yN, 

(pxxk = Pk{d, \)xk + Qk[d, X)yk, 0<k<N~l, 

(pxVk = Rk{d, X)xk + Sk{d, X)yk, 0<k<N~l, 

(j)xzk^ Zkid,X)zk, 0<k<N~2, 

4>xdN = ^{d, X)dN- 

Let g e sIn- We compute (j)\[g^Xk]- 

(f'xlgtj^Xk] ^[cj)xg)\+i_iXk + g^{Pk{d,X)xk + Qk{d,X)yk) 

= {(l}x9)\+f^Xk + Pk{d + ^J., X){g^xk) + Qk{d + fi, X){g^yk)- 

Since for any g € sIn, there exists g' such that g — [g' , zq], we have (f>\g — 
0a(5'(o)^o) — Zo{d, X)g as (px and g'fo) commute. Then using (|3.1I) we get 

<l>\[9,Xk] = Zo{-X - 1.1, X)[g,Xk] + Pk{d + fi,X)[g,Xk] + Qk{d + fi, X){gyk - fJ.ykg)- 

By commuting (f)\ and 5(o), we get that the left-hand side of the above equality 
equals Pk {d, X)[g,Xk]+ Qk {d, X)gyk ■ 

There exists g G sIn such that ykg ^ [g,Xk] (e.g. g = ^ii9i). Hence, Qk{d + 
/I, A) = implying that Qk = 0. Also, by comparing the left-hand and the right- 
hand sides, we see that Pk{d, X) is at most linear in d, otherwise it is impossible to 
cancel products of fj, and d that may come from Pk{d + X). 

The rest of the deduction is similar and we describe it only in brief. We com- 
pute (pxlxo^Xk], (t)\[yo^yk] and (l)\[g^_,yk] to show that i?fe(i9. A) is constant in d 
whereas Zk{d, A) and Sk{d, X) are at most linear in d. Third, we compute (pxlxo^yk], 
4>\[xo^,dN], (l>x[dN ^,yo], (pxixkfiyo], ^aN^J/w] and (l>\[dN t,£,N] to show that aU the 
remaining polynomials A, Pk, Rk, Sk, Zk, ^k are actually zero. □ 

Remark 3.12. Using the same arguments as in the proof of Proposition 13. 1 fl one 
can calculate the ordinary derivations of finite simple Lie conformal superalgebras. 
Below we list all cases in which outer ordinary derivations occur {E denotes the 
Euler operator and v, the highest monomial in /\{N)): 

(1) Der SN,a = Inder SN,a ® <CEi^q) a ^ 0, TV > 2; 

(2) Der Sn\o = Inder Sn^o ® CE(^o) © <Ciy(o) , > 2; 

(3) Der 5*2,0 = Inder S'2,0 ©sb, where i?(o), i^(o) G sb; 

(4) DerS^AT = Inder ^at ® Ciy(o) N >2, N even; 

(5) Der K'^ = Inder K'^ © Cj/(o) ; 

(6) Der Curs ~ Cd ® Ders, where s is a simple finite-dimensional Lie superal- 
gebra. 

We will not require this result for the rest of the paper and so leave the details 
to the reader. 
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It follows that the ordinary derivations of simple finite Lie conformal superalge- 
bras form the following Lie superalgebras: 

(1) DerVFjv ^ W{N) tx A{N); 

(2) Der^AT^a ^ {S^N) © CE) k A^N)' , where A(7V)' is the subalgebra of A{N) 
spanned by monomials of degree strictly less than N, a ^ 0; 

(3) Der Sn,o ^ {S{N) ® CE) k A(A^), > 2; 

(4) Der 5*2,0 — -504 x H4, where "^4 is the Heisenberg algebra generated by 
Ci: 6) di,d2, and 504 is spanned by two 5[2-triples: {^c^ii 6c^i -6c^2, Cif^2), 
and {i^, E, F), where F(a) = -^2, ^(^2) = di. 

(5) DerS-AT ~ ((1 - i')S(N)) k A{N), N even; 

(6) DbtKn, TV ^ 4, is the natural central extension of H{N) by a one- 
dimensional center; 

(7) BevKi^HiA); 

(8) Der CiCg is the central extension of the "strange" Lie superalgebra P(4) by 
a one-dimensional center; 

(9) Der Curs is the direct sum of Der s with the one-dimensional Lie algebra. 

(Cf. the calculations of derivations of corresponding formal distribution Lie super- 
algebras in |K4| and |FK| .) 

4. Conformal derivations of differentiably simple Lie conformal 

superalgebras 

Here we describe conformal derivations of Lie conformal superalgebras of the 
form S (E) A{n), where 5 is a finite simple Lie conformal superalgebra. By Theorem 
12.11 this will take care of the conformal derivations of all differentiably simple Lie 
conformal superalgebras. 

4.1. Conformal centroid. The conformal centroid of a Lie conformal superalge- 
bra R is the subalgebra CC{R) of the associative conformal algebra Cend R defined 

by 

CC{R) = {f e Ccndi? I Lpx[Xf,y] = [{ipxx)x+f_,y]}. 

Remark 4.1. A direct calculation similar to that in the proof of Lemma [2.61 shows 
that for G CC{R), ipx[x^ij] = (-1)p(-)p('^)[x^(v?a2;)]. 

To describe conformal centroids of simple superalgebras, we need two technical 
lemmas: 

Lemma 4.2. Let R be a finite Lie conformal superalgebra. Suppose R contains a 
Virasoro element L and a C[d]-basis {ftjljej of R such that 

(4.1) [-^Aftj] = {d + AjX)aj + bj for any j G J, 

where Aj G C, bj G R and, whenever Aj = 0, bj = 0. 
Then CC{R) = 0. 

Proof. Let Lp G CC{R). Suppose degy^ipxL = k. Then Aeg)\L^j^[ipxL)\ — k and 
deg;^ (px[Lpi,L\ = deg;^(9 -I- A -I- 2iJ,)(pxL = k + 1 unless (pxL — 0. Hence the equation 
(px[Lfj,L] = [L^{ipxL)], given in Remark 14.11 implies that ipxL = 0. 
Now, for any j G J, we have 

ipx[L^aj] = (px{{d + Aj^)aj + d{aj)). 
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On the other hand, 

ipx[L^aj] ^ [{ipxL)x+f_,aj] = 0. 

Therefore, 

{d + X + Ajfi)ipxaj + ipxbj = 0. 
Now, if Aj 7^ the fact that there is no power of fi in the second summand imphes 
that ifxcij = 0. If Aj = 0, then, by assumption, bj = 0, hence ipxo.j = 0. □ 

Now we present a method of constructing a basis satisfying requirements of 
Lemma |4.2I which we will apply in the case of simple Lie conformal superalgebras 
of Cartan type. 

Lemma 4.3. Let R be a finite simple Lie conformal superalgebra, R ~ C[d] ® V . 
Let r be the distinguished reductive Lie subalgebra of R and let L be a Virasoro 
element of R such that 

(4.2) [Lxg] = id + X)g for all gG v. 

Suppose V — (Bii^iVi, where Vi is an irreducible x-module whose highest weight 
vector is v-i. Suppose that the Vi satisfy i4.1\ ). Then there exists a C[d]-basis {aj}j^j 
of R satisfying conditions of Lemma \4.^ 

Proof. For any i G /, 1^ is spanned over C by vectors of the form — (7"^^ . . . g^^^Vi, 

n e 1+ and g^ G r for any fc = 1, . . . , n. 

We are going to prove by induction on n that 

[Lxv^] = {d + A,\)v^+ut, 

where u" G i?, and whenever = 0, = for all n. Then it would suffice to 
take 's as the necessary basis. We have 

[Lx{9%'vn = [[Lxg-+%v-] + [s^ot'l^A^]] 

= [((9 + A)5"+i),<] + [g-+\{d + A,A)< + <] 

= {d + AA)[g-+\-] + [gl+'u^]. 

Then we take = [5"o|^uf]. This completes the proof. □ 

Proposition 4.4. Let R be a finite simple Lie conformal superalgebra. 

(1) If R is of Cartan type, then CC{R) = 0; 

(2) If R = Curs, then CC{R) = {(ys £ Cendi? | <pxs = p{d,X)s,p{d,X) e 
C[d,X],for all ses}. 

Proof. If R is of Cartan type, then it has an element L and a C[9]-basis satisfying 
1)4. 1|) and H4.2|l (such an L is called physical in Section EJ. In fact, if R is not S^.a 
or Sn, we can choose L = —1 (and then all bj = 0). In the case of S]s[,a or Sn, we 
choose L — ~1 + jj{d ~ a)E and — 1 + ^1 . . . ^at + j^dE, respectively. The formulas 
that appear in the proof of |FK1 Proposition 4.16] show that the highest weight 
vectors satisfy with A^ taking the values of 2/N,3/N, . . . , {N - 1)/N,1, {N + 
l)/N,..., {2N - l)/N, 2. Consequently, by Lemma |0| we can find a C[9]-basis 
whose conformal weights are nonzero. We complete the proof of (1) by applying 
Lemma 14.21 

Let If e CC(Curs). Then for any s, s' £ 5 we have 

^A[s(o)s'] = (-ir(^)^'(^)[5(o)^As']. 
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Suppose ip\ — X]nez+ ^'^i^)' Then for any n > 0, iy9(„) is a s-module homomor- 
phism. Since s is simple, if (/?(„) ^ 0, then ker93(„) = and mnp^n) — Then 
4>{n)S = J2iPnii9)si{s). The map s i-^ Si(s) is an s-automorphism. Remark |2. 101 
implies that Si{s) = CiS for some q £ C. Hence, (/3(„')(s) = Pnip) ® s for any s S s 

and = E„ez+ 7n-P»(^) ® ^ 

Remark 4.5. In fact, we have shown that CC(Curs) ~ Cendi. We note that this 
conformal algebra is neither finite, nor commutative. 

4.2. Conformal derivations of a tensor product. 

Proposition 4.6. Let R be a finite Lie conformal superalgebra and let B be a unital 
commutative associative finite- dimensional superalgebra. Then 

(1) Cderi?® B C Cder(i?® B). 

(2) CC(i?) ®DerB C Cder(i?® B). 

(3) // R is simple and of Cartan type, then 

Cdcr(i? ®B)^ Cder R®B. 

(4) If R ~ Cur5, where 5 is a simple finite-dimensional Lie superalgebra, then 

Cder(Curs B) = Cder(Cur5) (g) B + 1^ Cder Cur .B. 
In particular, 

Cder(Curs ® A(A^)) = Cur(Ders) A(iV) + 1., (g) Wn- 
Proof (1) Let (j> G Cderi? and b e B. We set 

(</) ® b)x{r' ^ b') = (-l)fWP('-')(0Ar') bb'. 

It is easy to verify that (g) 6 is a conformal derivation. 

(2) Similarly, let tp e CC{R) and d e Der B. We set 

® d)x{r ®b) = (-l)f('')PW((pAr) ® d(6). 

It is easy to verify that Lp ® d is a, conformal derivation. 

(3) Let (p G Cder(i? ® B). For any r & R we have 

(j3x{r®l) = ^4,i^{r) ®bi 

where {feijig/ is a linear basis of B. A short direct computation shows that (f>i € 
Cderi? and (f> := (f> — X^ig/ <l>i®bi^ Cder(i? ® B) is such that (t)x{r (g 1) = 0. Let 
us fix 6 G B. Suppose 4>\{r ® b) — J^iei'Pix''^ ® ^i- For any r, r' G R we have 
[r^r'] ® 6 = [{r (g) l)p(r' (g) 6)]. If we apply (p to both sides of this equation we see 
that (fii G CC(R) which is zero by Proposition 14.41 

(4) Using the same argument as in (3), one can see that ipi G CC(Curs), so that 
by Proposition 14.41 

(f>\{r(g)b) = ^Pi(a, A)r (g5i. 

Now, we identify Cur 5® B with s ® Cur B so that 

4'\{r®b) = r®^ Pi{d, A) «> 6;. 

The map associating b to X^ie/ ® easily shown to be a conformal 
derivation of Cur B. 



20 



D. FATTORI, V. G. KAC, AND A. RETAKH 



In the case B ~ A{N), it remains to show that Wn = Cder(Cur A(A^)). We 
recall at first that Wn acts on Cur A(A^) by conformal derivations (see H3.2|l ). The 
rest is done in two steps. First, notice that if G Cder(Cur A(A^)), then (f>\l = 
{d + A) J2ieiPiWfi^ where is a linear basis of A(iV). Second, if we set — 

(f> — (}2,i^iPi{—d)fi) o d, it is immediate to see that for any j — 1, . . . , N, (f>\{^j) = 
P,i\,0, so that = Ef=i Pji~d,Odj. Therefore <^ - ^ + (E.^j Pri~d)f,) o d G 
Wn- □ 

We thus obtain 

Theorem 4.7. The following is a complete list of finite non-abelian difjerentiably 
simple Lie conformal superalgebras: 

(1) (Curs) (g) A(n), where 5 is a simple finite- dimensional Lie superalgebra; 

(2) a finite simple Lie conformal superalgebra of Cartan type. 

Proof. If R is differentiably simple, then R ~ 5(X>A(n) by Theorem l2.1l But if S is of 
Cartan type, an ideal S ® I oi R, where / is an ideal of A(n), is differentiably stable 
by Proposition ^2l3). Part (4) of the same proposition shows that the conformal 
superalgebra (Curs) ® A(n), s as above, is differentiably simple. □ 

5. Semisimple Lie conformal superalgebras 

Here we provide a detailed description of finite semisimple Lie conformal super- 
algebras. In particular, we prove the following 

Theorem 5.1. Let R be a finite semisimple Lie conformal superalgebra. Then R 
splits into a direct sum of conformal algebras of the following types: 

(1) a finite simple Lie conformal superalgebra; 

(2) a Lie conformal superalgebra L such that 



(5.1) 0(Curs,)®A(n,) e/^^^'ci 



C (Cur(DersO ® A(n,) + 1^ ® W„jj © Ki®\ 

where ni,r G Z+ and Si are simple finite- dimensional Lie superalgebras, 
and .such that for each i the projection of L onto Wm acts transitively on 
(CurSj) A(ni). 

5.1. Proof of Theorem 15.11 Define the socle of a Lie conformal algebras as the 
sum of all its minimal ideals. 

Lemma 5.2. Let R be a finite semisimple Lie conformal superalgebra. Then its 
socle is a direct sum of all minimal ideals of R and there exist finitely many such 
ideals in R. 

Proof. Let {Mi},;g/ be the family of all minimal ideal of R. By Lemma [1.41 this 
family is non-empty. 

Notice that for all i,j G /, [MixMj] = for ? 7^ j by minimality. Suppose Mi 
J2._^^ Mj ^ for some i. Thus by minimality of M^, Mi C J2j^i Mj, and [M.^M,] C 
= 0- Hence Mi is abelian which contradicts semisimplicity of R. 
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Thus the sum of minimal ideals is direct. Furthermore, the rank of a direct sum 
is the sum of the ranks, hence the fact that R is finite implies that R contains only 
finitely many minimal ideals. □ 

We fix notations from the proof and denote the socle of i? by M and the minimal 
ideals of R by Mi, i = 0,1, . . . ,1. 

The centralizer of M in R, Cr{M) = {a; G i? | [xxM] = 0}, is zero. This follows 
from the fact that Cfl(M) is an ideal of R, but contains no minimal ideals of R, 
because any such ideal would be abelian contradicting the semisimplicity of R. But 
this contradicts Lemma ^31 

Therefore, the homomorphism of Lie conformal superalgebras R CderM send- 
ing X to adM xx is injective and we have 

Cinder M C i? C Cder M. 

The minimality of Mi implies that {[MixAIi]) = Mi for any i = 0,1, . . . ,1. Thus 
a (j) e CderM maps M, to Mj, (j){Mi) must be zero. It follows that CderM = 
®^^o CderM,. 

Therefore, we have 

I I 
(5.2) Cinder M^ C i? C Cder Mj. 

i=0 i=0 

Put Ri =Rn Cder Mi. 

Lemma 5.3. Let R be a conformal superalgebra satisfying Then R is 

semisimple if and only if Mi is Ri-simple for all i. 

Proof. If Mi is not i?i-simple for some i, then it contains a non-trivial ideal J. By 
differential simplicity of Mi, J is nilpotent (see Proposition 12. 14| . Since J is also 
an ideal of Ri and hence of R, R is not semisimple. 

Conversely, let R contain an abelian ideal I. Since Mi is non-abelian and R- 
simple for any i, [IxMi], as an i?-submodule of Mi must be zero. Thus / kills M, 
a contradiction. □ 

By Lemma ll.5r 2'). M^'s are differentiably simple and, since they are non-abelian, 
we obtain a complete description of the possible form of M^'s from Theorem 14.71 

Now we can use Propositions 13.111 and to describe possible Ri^s in greater 
detail. 

Let Mi = Si ^ A{ni), where Si is a simple Lie conformal superalgebra. 

By Proposition if Si is of Cartan type, Ui = 0. 

If Si is of Cartan type and not isomorphic to K'^, then Ri ~ Si. 

If Si ~ Ki, Ri c Ki. 

It remains to treat the case of a current Lie conformal algebra Si. Let Ri be 
a semisimple Lie conformal superalgebra such that Curs (g) A(n) C Ri C Wn k 
(CurDers (g) A(n)), where s is a finite-dimensional simple Lie superalgebra. In 
order to prove that the projection of Ri onto Wm acts transitively if and only if 
Si <S> A{ni) is i?i-simple, we need an auxiliary lemma 

Recall that a commutative associate superalgebra with the action of a Lie super- 
algebra a by derivations is called a-differentiably simple if it contains no non-trivial 
invariant ideals. 
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Lemma 5.4. A{n) is a-simple for a subalgebra a of W{n) if and only if a acts 
transitively on A{n). 

Proof. Transitivity of the action of a is equivalent to saying that a contains elements 
ttj = dj + J2iPi^ij where pi G A(n), Pi(0) = 0, for all j. 

Then, assume that a acts transitively and let / be a non-zero a-stable ideal of 
A(n). Then / contains the monomial . . .^n- Let / = ■ ■ ■S.kn- Since aj[S^jf) = 
/+ monomials of higher degree, by induction / contains all monomials of A(n), i.e. 
J = A(n). 

Now let A(iV) be a-differentiably simple. We can assume that a is closed with 
respect to muhiplication by A(iV). Indeed, [ajb] = a(/)6 + [a, 6] for 

a,b G W{N), a homogeneous, so A{N)a remains closed with respect to the Lie 
bracket. Also, a acts transitively if and only if A{N)a does. Similarly, A(A^) is 
a-differentiably simple if and only of it is A(A^)-differentiably simple. 

If the projection of a to W{N)^^ is zero, then by the grading argument, a leaves 
invariant the maximal ideal of A(A^). Thus, possibly after a linear transformation 
of ^i's, a contains an element of the form qn — dN + ^Pidi, Pi(0) — 0. 

In particular, ajv = On + £,ib -\-^qidi, where b S W{N), qi{Q) — and diqi — 0. 
Also, we can assume that — 0. We introduce the following change of coordinates: 
e» = 6 - iNq^ for 1 < i < - 1, - ^N- Notice that C(^i, 6 • ■ • , Cat) = A{N). 
Indeed, let qi = £,if + g, dig — 0. Then = + Cjv/) + ^jv5, and since 
1 — / is invertible, this change of coordinates is valid. By induction, we obtain that 
• . . ,Cn)- The chain rule di = implies that in the new coordinates 

a-N = d'j^ + £_nc for some c G W^(A^). 

Thus, we can assume that apj = On + ^nc. Then [ajv,aAr] — 2c, hence On G a 
and we can split o as A{N)dN © Oi. If Oi contains an element a = S^jyb, then 
[Onto] — b G ai, i.e. we can both multiply by and cancel in elements of ai. 
Thus ai splits as 02 (B^n<^2, where a2 C W^(A^ — 1). If / is a proper a2-stable ideal 
of A(A^ — 1), then clearly / -I- fi/ is a proper a-stable ideal. Hence, A(A^ — 1) is 
a2-differentiably simple. Moreover, a acts transitively if and only if a2 does. 

Induction on A^ completes the proof. □ 

Remark 5.5. Along the way we proved an analog of the Frobenius theorem for 
A{N). Namely, if / is an ideal of A{N) and a is a subalgebra of W{N) which leaves / 
invariant, then after a change of coordinates, a = J2'i=i ^i^)^i~^J2j'=k+i ^k{N)dj, 
where Ak{N) is the subalgebra (without 1) of A(A) generated by Cfc+i, ■ ■ • ,£,n- 

The explicit description of the action of Wn on Curs A{n) in the proof of 
Proposition l4.6r 4') shows that the action of Ri is transitive if and only if the action 
of Ri\d=i is transitive on A{n). This together with Lemmas 15 .31 and 15 .41 completes 
the proof of Theorem 15. II 

5.2. Conformal derivations. The following is a direct analog of |0 Proposition 
7.4]: 

Proposition 5.6. Let R be a finite semisimple Lie conformal superalgebra and let 
M be its socle. Then Cderi? — {(j) € Cder M | {(p\R) C R}, the normalizer of R in 
CderM. 

Proof. If / is a minimal Cder i?-stable ideal, it is either minimal or properly contains 
an ideal J of R. Since / is differentiably simple, J must be nilpotent, a contradic- 
tion. Hence / C M. Conversely, let M' be the sum of all minimal Cder i?- stable 
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ideal and / a minimal ideal such that / <f. M' . Then / C Ann A/' and, as AnnM' is 
an ideal of Cderi? and contains no Cder i?-central elements, it must contain a min- 
imal Cderi?-ideal which must be abelian. The contradiction shows that M — M' 
and M is Cder i?-stable. 

Then Cder R embeds into Cder M and the rest follows easily. □ 

6. Physical Virasoro pairs 

In this section we compute all physical Virasoro pairs in a finite simple Lie 
conformal superalgebra. As a consequence, we obtain the classification of physical 
Lie conformal superalgebras. 

6.1. Definitions. Let R = C[9] ®V he a. finite simple Lie conformal superalgebra. 
Recall that V contains a distinguished reductive subalgebra of V] we denote it r. 

Let R contain a Virasoro element L such that 

(6.1) [L^g] = (0 + A).g for any g G r. 

Then (i?, L) is a simple physical Virasoro pair. 

By skew-symmetry, ()6.1|l is equivalent to [g\L\ = \g, which implies that [5(0)-^] = 
0, i.e. that L is invariant with respect to the action of r on i? (by means of the 0th 
product). Also, R is completely reducible as an r-module because the 0th product 
commutes with the C [9] -module structure. 

6.2. Classification results. 

Theorem 6.1. The following is a complete list of all simple physical Virasoro pairs: 

Wo 

Wn: N > 1 

SN.a, N >2, aeC 

Sn, N >2, Neven 
Kn, N >l, Nodd 
Kn, N >6, Neven 

K 

where E ~ ^i^i Euler operator, v — £,1 ■ ■ ■£,n is the longest monomial 

in /\(N), Po,Pi,P3 G C and a G C, = — 1. 

Proof Recall that Wn = C[d] (g) (W{N) ® A(A^)). If iV 0, the equation [LxL] = 
{d + 2X)L implies that L = —1. Suppose > 1, then r = qIj^. First of all we 
remark that L cannot be contained in the radical of the even part of Wn, which 
we denote by Rad Wj^ q. We set 

S = C[d] (®fc>2, k cvcnWiN)''), T = C[d] ® (®fc>2, k even (N)). 



L = -I 

L = -1 + {po+pid)E 
L = -l + ^{d-a)E 

L = -(l-Ci...Civ) + ^5i? 

L = -1 

L = —1 + pidv 
L = -1 + {pid + P3d^)i^ 
L = -1 + (po +pid)dv 
L = -l + ad^v. 
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Since the A-bracket in Wn is graded, 5 © T C Rad W^^ q, hence any L must have 
a component in C[d] {W{N)° © CI): 

L = Q{d)l + P{d)E + Pi{d)9i + s + t, 

i 

where {gi} is a basis of bIjv, s € S and t € T. Furthermore, we can compare the 
coefBcients of the degree basis elements in the equation [L\L] = [d + 2\)L. In 
the case of 1 G A(A'') we have: 

-(a + 2X)Q{-X)Q{d + \) = (d + 2A)Q(a), 

hence Q{d) = Q is constant and either Q = Q ov Q = —\. Comparing the coefficients 
of E we get: 

-{d + X)QP{d + A) - AQP(-A) = (a + 2X)P{d). 
Comparing the terms with basis elements in sin we get 

[d + \)Q Y,Pii9 + ^)9i - AO ^ Pi{-X)9i + Yl Pii~^)Pi (9 + A)[5., 9j] 

i i i^j 

= {d + 2X)YPi{d)9i- 

i 

Now, Q = implies P = and 

YPii-mid + mn,9j] = id + 2\)Y,P^{^)9i. 

i.j i 

If we examine the degree of d in the last equation, we see that Pi — for any i. 
It follows that if = 0, then L = s + t E Rad Wj^ q, which is impossible. Hence 
Q = —I. If we examine the equation for E, which is homogeneous, we conclude 
that P{d) = pa+pid and L = -1 + {pa+pid)E + J2^ Pii^)g^ + s + t. 

Next, we impose the condition that [L\g] — (d + X)g for any g G gl^. Since 
[-Ixg] = id + \)g, we have [{J2i Pi{d)gi + s + t)xg] = for any g e gl^y. Conse- 
quently, in degree we have [{J2iPii'^)9i)>^9] = 9 ^ fl'w- particular, 
it follows that Pi{d)gi lies in the center of Curslw which is zero. On the other 
hand, in degree > 2 we have [{s + t)\g\ — 0, hence [g(o){s + t)] = 0. By looking 
at the decomposition of the C[9]-basis of Wm into irreducible gl^y-modules, we see 
that there are no invariants in degree > 2. Consequently, s + t = and wo conclude 
that L = -1 + {po+pid)E. 

A similar argument, with sljv replacing gljy, provides the solution for S'jv.a and 
Sn- 

The cases of K^, < N < 3, K'^ and CKq are dealt with in a similar fashion. 
As for N > 5, the unique soAr-invariant is A^{N). If N is odd, this vector 
is odd too, hence cannot appear in L. If is even, from [-^a-^] = {d + 2X)L we 
obtain a homogeneous equation, which admits a linear solution for any N and a 
cubic solution for A'' = 6. 

In the case of Curs, there are no non-zero Virasoro elements. To see this, let 
{9i}iei be a linear basis of s. Then L = '}2iPi{d)9i and by substituting this 
expression into [L\L] = [d + 2X)L and comparing the degrees in d, we see that 
L = 0. □ 

Corollary 6.2. The following is a complete list of all pairs {R,L), where R is 
a finite simple Lie conformal superalgebra and L is a Virasoro element such that 
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i?Q = L K Curg, where g is a finite- dimensional Lie algebra and [L\a] — (d + X)a 
for all a £ q: 





- 1 -f 


-{Po + 


Pid)E 


W2, 


- 14 






S2,a, 


-1-f 




-a)E 


S2, 


-(1 




-dE 
2 


Ko, 


- 1 






Ki, 


- 1 






K3, 


- 1 








- 14 


-iPo + 


Pid)dv 




-1-f 


- ad^v. 



Proof. We have to impose the condition [L\g\ = (9 + A)^ for any g & g. 
Let w e W{0, N)k C Wn and / e a''{N) C Wn- We have 

[Law] = {pok + 5 + (1 - pik)X)w, 

[Lxf] = [pok + 5 + (2 - pik)X)f - A(po - PiX)fE. 

E N > 2, W{0, N)2 ^ and the first equation imphes that 1 - 2pi = 1 i.e. pi = 0. 
On the other hand, A'^ ( A^) 7^ too and the second equation imphes that 2 — 2p\ = 1 
i.e. p\ = 1/2. The contradiction proves that N < 2. Since Wq ~ Kq and VFi ~ i4r2, 
we concentrate on W2 = C[9] O (VF(2) © A(2)). If we apply the second equation to 
we get po = and pi = 1/2. 

li R = SN,a or R = Sn, then R = C[d] ® VK(A^) as sljv-modules. If TV > 2, 
W{N)'^ ^ and the formulas that appear in the proof of jFKl Proposition 4.16] 
show that the conformal weight of any vector in W{N)'^ is either {N — 2)/N or 
(27V - 2)/iV 7^ 1. Therefore TV = 2 is the only possibility. 

If i? = Kjs!, N > 5, the conformal weight of ^i^2f3C4 with respect to any simple 
physical Virasoro pair (Kn, L) is 0. 

As for K[, we can check by direct computation that K'^-^ = L k Cur CSO4. 
Similarly in the case of Kn, Q < N < 3. 

Finally, it was proved in CK that CK^-^ = L k Cur soq. □ 

Remark 6.3. For W2 we have g = 5(2 ® 62; here b2 denotes the two-dimensional 
solvable Lie algebra. In all other cases, g = r. 

6.3. Physical conformal superalgebras. A physical Lie conformal superalgebra 
is a simple physical Virasoro pair {R, L) such that the following conditions hold: 

(1) Rq = L t< Curg, where g is a finite-dimensional Lie algebra and r C g; 

(2) L(^Q^a — da for any a £ R. 

We thus obtain a generalization of the main result of |K3| (see also |Y)1. 
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Proposition 6.4. The following is a complete list of physical Lie conformal super- 
algebras: 

Wi, -1+pidE 
W2, -1 + ^dE 

S2,o, -l + \dE 

Ko, -1 
Ki, -1 
K3, -1 

- 1 + [po + Pid)diy 

Proof. Condition (2) excludes ^2 from the list in Corollary 16.21 implies that a ~ 
for S2,a and forces po = for {Wi,L). □ 

The formal distribution Lie superalgebras (Lie R, R) corresponding to the Lie 
conformal superalgebras on the list of Proposition are well known to physicists 
(except for CKq). All of them, except for CKq, have non-trivial central extensions. 
In the cases R = Kq = Wq, Ki,K2 — WijK^, S2.0, and K'^, these central extensions 
are called the Virasoro, Neveu-Schwarz, N — 2, N — 3, N = 4, and big N = A 
superconformal algebras. With the exception of the last one, they appear on the 
list of RS . The last one appeared independently in |KLj . [S], and |STPj . 

7. Representations of Solvable Lie Conformal Superalgebras 

In this section we discuss several results towards a possible analog of Lie Theorem 
for finite Lie conformal superalgebras. 

7.1. Preliminaries. First we restate the analogs of Lie theorems in the, respec- 
tively, non-conformal and conformal non-super cases: 

Theorem 7.1. 'K2' Let L be a finite- dimensional solvable Lie superalgebra and V 
its irreducible representation. Then either dimVg- = diml^ and dimV^ = 2^ , where 
s < dim Lj or dim V ^ I. 

Theorem 7.2. |DK| Let R be a finite solvable Lie conformal algebra and M an 
R-module. Then there exists v £ M such that x\v = (p{a)v, ip : R ^ C[A]. In 
particular, every non-trivial simple R-module M is free and rkAf — 1. 

Remark 7.3. Let i? be a Lie conformal algebra with a module M. Then (Tor R)\M = 
0, Tor Af is a submodule of A/, and R\ Tor A/ = |DK| . Since we are interested in 
simple modules only, below we will always assume that both the conformal algebra 
and its modules are free over C[9]. 

We will also need the following 

Lemma 7.4. 'DK| For a solvable Lie conformal superalgebra R, rki? > rki?', 
where R' = {R\R) is the derived algebra of R. 

Another useful result is the analog of Lemma [1.41 
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Lemma 7.5. A finite module M over a finite Lie conformal superalgebra R either 
contains a simple R-submodule or a suhmodule N such that R\N = 0. 

7.2. Rank 1 modules. Let i? be a finite solvable Lie conformal superalgebra and 
M an i?-module, rkM = 1. In particular, M = C[9]t; for some v € M and the 
representation of R is given by the function £ : R ^ C[A, d] such that x\v = £{x)v 
for all X ^ R. Theorem 17.21 immediately implies that either £ = or M is a simple 
i?Q-module and that ^ as a function on i?Q depends only on A. A direct computation 
shows that i{R^) — 0. Also, since the action of Rj must change parity, we conclude 
that £{R-) = 0. 

Conversely, if £ satisfies all the above conditions and £{dx) = —X£{x) for all x, £ 
determines an i?-module of rank one. 

Let C be the set of functions £ : R ^ C[X] such that i{R^) = ^(^t) = ^ ^^"^ 
£{dx) = —X£{x) for all x e _R. Let Cq be a subspace of C consisting of £ for which 
£{R') = 0. 

Remark 7.6. Let H he a. subalgebra of R such that R ~ H(BC[d]x, x ^ R, Rq C H. 
The A-brackct in R induces an i7-action on C[9]a;. The corresponding £ lies in Cq. 

Let AI be an i?-module and £ G Cq. Let V be a C[9]-generating subspace of M, 
i.e. M = C[9] (8) V. We introduce another i?-module structure on M by putting 
x\v = x\^v + £{x)v iov X £ R, V & V and extending the i?-action to all of M in the 
standard way. In this way we obtain a module M' and call M and M' Cq- equivalent. 

7.3. Induced modules. In the proof of Theorem 17.11 the powers of 2 appear 
because, in principle, a simple module V over a Lie superalgebra L can be induced 
from a smaller module W over a subalgebra H ofL. In particular, when L = HQCg 
and p{g) — 1, V ~ W + gW, hence the dimension gets doubled. 

In the conformal case, non-trivial induction is still possible but the rank can 
grow arbitrarily as the following lemma demonstrates. 

Lemma 7.7. Let R be a Lie conformal superalgebra, and let H be a (homogeneous) 
subalgebra of R such that R' G H and R — iJ®C[9]x for some homogeneous x G i?. 
Let M be a finite R-module and N an H-submodule of M that generates M. Then 



Moreover, as H -modules M and N have the same simple quotients. If N is simple, 
then rkAf is proportional to rkiV. 

Proof. Clearly, {x\N) + N is an iJ-submodule of AI and, unless AI = N, it contains 
A'^ as a proper submodule. 

Hence U = {{x\N) + N)/N is an H-modnle. Moreover, since X(^k){h{m.)w) = 
±h(^rn)ix(k)w) mod N for k,ni G Z+ and w G W, we obtain submodules Uk — 
{C[d]{xi^k)N) + N)/N of U. The Leibniz rule imphes that Uk C Uk+i. Obviously, 
U — Yl,Uk and it immediately follows that U = Un for some n. Hence, A^+ {x\N) = 
N + C[d](x(^n)N). Now we can consider the latter module instead of A^. Then (|7.1() 
follows by induction. 

We have actually obtained a fihration of M: A C A + C[9](a;(o)A) C . . . C AI. 
Denote the k-th element of the filtration by Alk . Then a direct computation shows 



(7.1) 




28 



D. FATTORI, V. G. KAC, AND A. RETAKH 



that there exists a natural surjective map N Mk/Mk-i for every k (e.g. N 
Uk/Uk-i is defined as v ^ X(^k)v)- This proves the rest of the lemma. □ 

Remark 7.8. By the Jacobi identity, one can always have nj < rij+i in H7.1|l . When 
X is odd the inequality is strict. The analogous lemma for ordinary algebras would 
then imply that I = 1 whenever x is odd but this is not true for conformal algebras. 

Let H he a subalgebra of R, M a simple i?-module and N a simple i?-submodule 
of R such that N generates M over R. Then we say that M is induced from N. 
This does not mean that we can define an induction functor from _ff-modules to 
i?-modules; the word "induced" is used here only as a shorthand. 

Thus Lemma rm provides a description of induced modules when rkH = ikR—l 
and R' C H. 

Proposition 7.9. Let M be a finite simple module over a finite solvable Lie con- 
formal superalgebra R. Then all simple factors of M considered as an R-^-module 
are of rank 1 . The corresponding elements of C extended by zero to Rj lie in a 
single coset £m ^ ^/^o- 

Proof. We use induction on rk R. 

Let H he a subalgebra of R such that R = H (B C[d]x, R' C H , and x is 
homogeneous. (Such H always exists by Lemma [7.41 ') Two cases can occur: M 
contains a simple i7-module N or there exists a submodule N C M such that 
Hy,N = 0. 

Consider the first case, i.e. let M be induced from N. Then by Lemma f7. 71 all 
i/-simple factors of M are isomorphic to N . Thus, if x is odd, M and TV viewed as 
i?Q-modules have the same simple factors and we are done by induction. However, if 
X is even, M and N have the same simple factors only as flp-modules. However, let 
then £i, £2 be the two forms corresponding to the simple factors and let (. = ti — 12- 
By induction £{R^) = 0, hence we are done. 

Consider now the second case, i.e. let M be induced from N such that H\N ~ 0. 
Then all simple factors of M are killed by H. Hence, if x is odd, M has no Rq- 
simple factors. If x is even and we get a simple factor that corresponds to £ G C, 
we get ^(i?^) = and thus £ e Cq. □ 
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